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Abstract
In this paper, we study BPS submodels of the Skyrme model in five dimensional spacetime using
the BPS Lagrangian method. The analysis is focused on finding a static solution of Bogomolny’s
equation and its related minimal energy (BPS Limit) for every submodel. We consider two main
cases, namely spherical symmetric and non-spherical symmetric cases. In general, all submodels
have the topological charge to be integer and B 6= 1 with the scalar potential turned on. For
spherical symmetric case, we find two generic submodels with one of them is well-known submodel
with only quartic term. For non-spherical symmetric case we have a submodel which is a five
dimensional version of four dimensional BPS-Skyrme model. Finally, we show the non-existence of
Bogomolny’s equation from two submodels which are submodel with only sextic term and submodel
with only kinetic term.
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I. INTRODUCTION
The Skyrme model was initially designed to be a model of the nucleon [1, 2]. It has
topological soliton solutions, known as skyrmions which can be interpreted as baryons. As
topological solitons, the skyrmions are characterized by a conserved topological charge which
is identified as the baryon number [3, 4]. The energies of these skyrmions satisfy the Faddeev-
Bogomolny lower energy bound E ≥ |B| [5]. Unfortunately, this bound can not be saturated
by the skyrmions with B 6= 0 [6]. Under a particular spherically symmetric ansatz, it has
been shown that a unit skyrmion (the nucleon), with B = 1, has energy about 23% higher
than its Faddeev-Bogomolny lower bound [7]. For the skyrmions, with B > 1, their energies
are even higher than the unit skrymion and hence they are mostly unstable [8]. Nevertheless
the skyrmions are not only important in high energy and nuclear physics, but also play an
impotant role in other area of physics from solid state physics to nonlinear optics [9–13].
Several attemps have been made to find the (more) stable skyrmions, in particular, with
B > 1. These may include imposing non-spherically symmetric ansatzes [14–16]. Other
2
approaches are by considering additional higher order terms than the Skyrme term. A good
mathematical description of skyrmion, found in [6], describe the skyrmion as a topologically
non-trivial map from a Riemannian manifold to another. This mathematical description
becomes the key to generalize Skyrme model by adding higher order term, first done in [17],
recently simplified to become a combinatoric problem in [18]. A simple extension to the
Skyrme model is by adding a term proportional to the square of topological current den-
sity [19]. This additional term turns out to be responsible for stabilizing the skyrmions [20].
Furthermore BPS skyrmions, which saturate the Faddeev-Bogomolny bound, are found in
a model consist of this term and a potential term [21]. Though initially the construction
of higher order term is given for four dimensional spacetime, a possible generalization in
higher dimensional spacetime is demonstrated in [22]. As an example, a generalization of
the Skyrme model in five dimensional spacetime was considered in [22]. However, they only
studied unit skyrmions (static and stationary), with B = 1, since the main goal was to find
and to study rotating black holes with Skyrme hair in five dimensional spacetime.
The main purpose of this work is to find other possible skyrmions in generalized five di-
mensional Skyrme model considered in [22]. In particular we will try to find BPS skyrmions,
for any integer B, in some (genuine) submodels of the generalized five dimensional Skyrme
model via the BPS Lagrangian method [23]. This method has been successfully used to find
BPS skyrmions in some (genuine and non-genuine) subemodels of the generalized Skyrme
model in four dimensional spacetime [24]. The analysis is focused on finding the solution of
Bogomolny’s Equation and its related minimal energy (on BPS Limit) for every submodel
we found. Two main cases considered are spherical symmetric and non-spherical symmetric
case.
In section II we describe briefly the Skyrme model and the ansatz we use in this paper.
Then, in section III we discuss submodels in spherically symmetric lagrangian which is
divided into two subsections, submodel with λ0 = λ1 = λ3 = λ4 = 0 and submodel with
λ1 = λ2 = λ3 = 0. Submodels in non-spherically symmetric is discussed in section IV which
is divided into two subsections, submodel with one derivative term and submodels with four
derivative terms. Finally, we conclude the results in section V.
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II. STATIC O(5) SKYRME MODEL
In this section we shortly review some aspects of five dimensional Skyrme model discussed
in [22]. In particular, we consider a static case in which the metric can be written down in
terms of bi-polar spherical coordinates
ds2 = −dt2 + dr2 + r2 (dθ2 + sin2 θ dϕ21 + cos2 θ dϕ22) , (1)
where −∞ < t < ∞ and 0 ≤ r < ∞ are time and radial coordinates, respectively, while
0 ≤ θ ≤ pi
2
is a polar coordinate and 0 ≤ ϕ1,2 < 2pi are azimuthal coordinates. Then, the
form of the effective Lagrangian and the energy-momentum tensor will be cast in terms of
these coordinates using (1).
The five dimensional Skyrme model can be thought of as the O(5) sigma model of real
fields φa, a = 1, . . . , 5, satisfying the constraint φaφa = 1 [22]. We use shorthand notations
for scalar field derivatives as follows:
φai =
∂φa
∂xi
, (2)
φabij = φ
a
i φ
b
j − φajφbi , (3)
φabcijk = φ
ab
ij φ
c
k + φ
ab
jkφ
c
i + φ
ab
kiφ
c
j , (4)
φabcdijkl = φ
abc
ijkφ
d
l + φ
abc
jklφ
d
i + φ
abc
kli φ
d
j + φ
abc
lij φ
d
k . (5)
with spacetime index i, j, k... takes value from 0, 1, ..., 4. In these notations, the kinetic term
and the higher order derivative terms can be written as
F 2 = φai1φ
a
i2
gi1i2 , (6)
F 4 = φabi1j1φ
ab
i2j2
gi1i2gj1j2 , (7)
F 6 = φabci1j1k1φ
abc
i2j2k2
gi1i2gj1j2gk1k2 , (8)
F 8 = φabcdi1j1k1l1φ
abcd
i2j2k2l2
gi1i2gj1j2gk1k2gl1l2 , (9)
respectively. In this article, we consider the five dimensional Skyrme model whose La-
grangian takes the form
Leff = λ0V (φ) + λ1F
2 +
λ2
4
F 4 +
λ3
36
F 6 +
λ4
576
F 8 . (10)
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A possible static ansatz for scalar fields that satifies the constraint φaφa = 1 is given by
φ1 + iφ2 = sin ξ
f√
1 + f 2
eig1 , (11a)
φ3 + iφ4 = sin ξ
1√
1 + f 2
eig2 , (11b)
φ5 = cos ξ , (11c)
with ξ ≡ ξ(r), f ≡ f(θ), g1 ≡ g1 (ϕ1), and g2 ≡ g2 (ϕ2) such that Lagrangian (10) can be
cast into an effective Lagrangian
Leff = L0 + L1 + L2 + L3 + L4 , (12)
where
L0 = λ0V (φ) , (13)
L1 = λ1
[
(ξ′)2 +
sin2 ξ
r2
(
f ′
1 + f 2
)2
+
sin2 ξ
r2 sin2 θ
(fg′1)
2
1 + f 2
+
sin2 ξ
r2 cos2 θ
( g′2 )
2
1 + f 2
]
, (14)
L2 = λ2
[
sin2 ξ
r2
1
(1 + f 2)2
(ξ′f ′)2 +
sin2 ξ
r2 sin2 θ
f 2
(1 + f 2)
(ξ′g′1)
2
+
sin2 ξ
r2 cos2 θ
1
(1 + f 2)
(ξ′g′2)
2
+
sin4 ξ
r4 sin2 θ
f 2
(1 + f 2)3
(f ′g′1)
2
+
sin4 ξ
r4 cos2 θ
1
(1 + f 2)3
(f ′g′2)
2
+
sin4 ξ
r4 sin2 θ cos2 θ
f 2
(1 + f 2)2
(g′1g
′
2)
2
]
, (15)
L3 = λ3
[
1
r4 sin2 θ
f 2
(1 + f 2)3
sin4 ξ (ξ′f ′g′1)
2
+
1
r4 cos2 θ
1
(1 + f 2)3
sin4 ξ (ξ′f ′g′2)
2
+
1
r6 sin2 θ cos2 θ
f 2
(1 + f 2)4
sin6 ξ (f ′g′1g
′
2)
2
+
1
r4 sin2 θ cos2 θ
f 2
(1 + f 2)2
sin4 ξ (ξ′g′1g
′
2)
2
]
, (16)
L4 = λ4
[
1
r6 sin2 θ cos2 θ
f 2
(1 + f 2)4
sin6 ξ (ξ′f ′g′1g
′
2)
2
]
. (17)
with ξ′ ≡ dξ
dr
, f ′ ≡ df
dθ
, g′1 ≡ dg1dϕ1 , and g′2 ≡
dg2
dϕ2
are derivatives of effective field with respect to
its argument. As discussed in [22], the O(5) symmetry ensures the existence of a topological
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charge called barion charge B. Using the ansatz (11), the topological charge has simply the
form
B = − 3
8pi2
∫
sin3 ξ
f
(1 + f 2)2
dξdfdg1dg2 , (18)
We would also like to point out the expression for the components of the energy-momentum
tensor for this model as follows
Tij = λ0T
(0)
ij + λ1T
(1)
ij + λ2T
(2)
ij + λ3T
(3)
ij + λ4T
(4)
ij , (19)
with
T
(0)
ij = −gijV , (20)
T
(1)
ij = 2φ
a
i φ
a
j − gijF 2 , (21)
T
(2)
ij = φ
ab
ik1
φabjk2g
k1k2 − 1
4
gijF
4 , (22)
T
(3)
ij =
1
6
φabcik1l1φ
abc
jk2l2
gk1k2gl1l2 − 1
36
gijF
6 , (23)
T
(4)
ij =
1
72
φabcdik1l1m1φ
abcd
jk2l2m2
gk1k2gl1l2gm1m2 − 1
576
gijF
8 , (24)
which are useful for our analysis in the paper. It is straightforward to show that Tij = 0 for
i 6= j so the energy-momentum tensor represents a diagonal matrix in this choice of ansatz.
In general, diagonal part of energy-momentum tensor other than T00 is not necessarily zero
as we should see on section III A for solutions with B 6= 1.
III. BPS SKYRME SUBMODELS IN SPHERICALLY SYMMETRIC LAGRANGIAN
In the spherically symmetric case, one can simplify the effective Lagrangian (12) to be
only on the radial coordinate r dependent. This can be done by choosing f (θ) = tan θ ,
g1 (ϕ1) = n1ϕ1 , g2 (ϕ2) = n2ϕ2, with n1 and n2 are positive integer constants. It is necessary
to impose a boundary condition ξ (0) = mpi with m ∈ Z to make φ unique at the origin.
This condition leads to a topological charge satisfying
B =
1
16
(9 cos (ξ∞)− cos (3ξ∞)± 8) , (25)
with ξ∞ = ξ (r →∞), (+) sign is for oddm and (−) for evenm. For a model with topological
charge depends only on n1 and n2, namely B = n1n2, we can get the boundary condition
for ξ (r →∞) , by solving
9 cos (ξ∞)− cos (3ξ∞)± 8 = 16 (26)
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that gives us ξ∞ an even multiple of pi for odd m and boundary condition with even m is
impossible. We can take the same choice as [2] for boundary condition for this model, that
are
ξ (0) = pi , ξ (r →∞) = 0 (27)
Since the topological charge depends only on the boundary value of the effective fields,
we could take these boundary conditions for ξ in all sub-models later on this paper, while
the functions g1 = n1ϕ1 , g2 = n2ϕ2 on the boundaries satisfying B ∈ Z if the boundary
conditions for ξ and f is imposed. Upon substituting f , g1 and g2 mentioned above, it gives
an effective Lagrangian
Leff = (ξ
′)2
[
λ1 +
(
1 + n21 + n
2
2
)
λ2
sin2 ξ
r2
+
(
n21n
2
2 + n
2
1 + n
2
2
)
λ3
sin4 ξ
r4
+ n21n
2
2λ4
sin6 ξ
r6
]
+
[
λ0V +
(
1 + n21 + n
2
2
)
λ1
sin2 ξ
r2
+
(
n21n
2
2 + n
2
1 + n
2
2
)
λ2
sin4 ξ
r4
+ n21n
2
2λ3
sin6 ξ
r6
]
.(28)
The effective Lagrangian (28) contains only one derivative term ξ′, so by using the BPS-
Lagrangian method on [24] suggests a LBPS of the form
LBPS =
1
r3
(QXX +Q0) , (29)
with X = ξ′. In the BPS limit LBPS − Leff = 0,[
λ1 +
(
1 + n21 + n
2
2
)
λ2
sin2 ξ
r2
+
(
n21n
2
2 + n
2
1 + n
2
2
)
λ3
sin4 ξ
r4
+ n21n
2
2λ4
sin6 ξ
r6
]
X2 − 1
r3
QXX
+
[
λ0V +
(
1 + n21 + n
2
2
)
λ1
sin2 ξ
r2
+
(
n21n
2
2 + n
2
1 + n
2
2
)
λ2
sin4 ξ
r4
+ n21n
2
2λ3
sin6 ξ
r6
− Q0
r3
]
= 0 ,
(30)
which is a quadratic equation of X that has two different solutions
X± =
QX
2r3
[
λ1 + (1 + n21 + n
2
2)λ2
sin2 ξ
r2
+ (n21n
2
2 + n
2
1 + n
2
2)λ3
sin4 ξ
r4
+ n21n
2
2λ4
sin6 ξ
r6
]
X2
±
√
D .
(31)
Two solutions coincide, which is a necessary condition for Bogomolny’s equations to be valid,
if D = 0,
Q2X
4r6
−
[
λ1 +
(
1 + n21 + n
2
2
)
λ2
sin2 ξ
r2
+
(
n21n
2
2 + n
2
1 + n
2
2
)
λ3
sin4 ξ
r4
+ n21n
2
2λ4
sin6 ξ
r6
]
×
[
λ0V +
(
1 + n21 + n
2
2
)
λ1
sin2 ξ
r2
+
(
n21n
2
2 + n
2
1 + n
2
2
)
λ2
sin4 ξ
r4
+ n21n
2
2λ3
sin6 ξ
r6
− Q0
r3
]
= 0 .
(32)
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Since equation (32) should be satisfied for any value of r then we may consider it as a
polynomial equation of (explicit) 1
r
in which each of its coefficients are zero. Non-trivial
solutions can only be achieved by setting Q0 = 0. The remaining zero coefficients are
λ3λ4 = 0 , (33)
−λ2λ4 = λ23 , (34)
−λ21 = V λ0λ2 , (35)
− (n21n22 + n21 + n22)V λ0λ3 = ((n21n22 + n21 + n22)+ (1 + n21 + n22)2)λ1λ2 , (36)
−n21n22
(
1 + n21 + n
2
2
)
λ1λ4 =
(
n21n
2
2
(
1 + n21 + n
2
2
)
+
(
n21n
2
2 + n
2
1 + n
2
2
)2)
λ2λ3 ,(37)(
1 + n21 + n
2
2
) (
n21n
2
2 + n
2
1 + n
2
2
)
λ22 +
((
1 + n21 + n
2
2
) (
n21n
2
2 + n
2
1 + n
2
2
)
+ n21n
2
2
)
λ1λ3
+n21n
2
2V λ0λ4 =
Q2X
4 sin6 ξ (r)
. (38)
There are two non-trivial solutions of the above (coefficients) equations. The first model is
Q2X
4
=
(
1 + n21 + n
2
2
) (
n21n
2
2 + n
2
1 + n
2
2
)
λ22 sin
6 ξ , (39)
with λ0 = λ1 = λ3 = λ4 = 0 whose Bogomolnyi equation has the form
ξ′ = ±γ(n1, n2)sin ξ
r
, (40)
where γ(n1, n2) defined as
γ ≡ γ(n1, n2) ≡
√
n21n
2
2 + n
2
1 + n
2
2
1 + n21 + n
2
2
. (41)
The second model is
Q2X
4
= n21n
2
2V λ0λ4 sin
6 ξ , (42)
with λ1 = λ2 = λ3 = 0 whose Bogomolnyi equation is given by
ξ′ = ±
√
λ0
λ4
r3
n1n2 sin
3 ξ
√
V (ξ) . (43)
These results show the dependence of the Bogomolny’s equations on the topological charge
B = n1n2. Let us discuss the features and solutions of Bogomolny’s equations above in the
following subsections.
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A. Submodel with λ0 = λ1 = λ3 = λ4 = 0
The solution for equation (40) is
ξ = 2 tan−1
[(
r
r0
)±γ]
, (44)
with r0 an integration constant. Because solution with (+) sign cannot satisfy (27) we would
only consider the (−) signed solution from now on. Solution of this submodel given in (44)
coincides with solution for submodel in [22] for n1 = n2 = 1 which gives a topological charge
B = 1. The solution is a smooth function up to its second derivative of it on the whole
domain, thus an everywhere regular solution. The energy density for this model is given by
ε = −T 00 = 8λ2
(
B2 + n2 + 2B
) r4(γ−1)r4γ0(
r2γ + r2γ0
)4 . (45)
with n ≡ |n2−n1|. T 11 component of the energy-momentum tensor vanishes, while T 22 , T 33 , T 44
have the form
T 22 = 2
sin4 ξ
r4
(n2 + 2B)(1−B2)
1 + n2 + 2B
, (46)
T 33 =
sin4 ξ
r4
[
n
√
n2 + 4B(1 + γ2) +
(n2 + 2B)(B2 − 1)
1 + n2 + 2B
]
, (47)
T 44 =
sin4 ξ
r4
[
−n
√
n2 + 4B(1 + γ2) +
(n2 + 2B)(B2 − 1)
1 + n2 + 2B
]
. (48)
For B = 1, the spatial components of the energy momentum tensor vanish, while they are
non-zero for B > 1. The latter case means that we have a solution with non-zero pressure.
Using (45), the total energy of the system is given by
E =
4
3
λ2pi
2
√
(1 + n2 + 2B) (B2 + n2 + 2B) . (49)
We can see a possible repulsive interaction between solitons in this submodel because the
difference between the energy of the system and the summation of B individual solitons
energy are positive and monotonically increasing. For example, the energy of B = 2 system
is E2 = 4
√
6 λ2pi
2 but the total energy of two independent B = 1 soliton is E1 = 4λ2pi
2.
This repulsive effect implies the possibility of a soliton creation in the usual collision set up,
similar to the one demonstrated in [25]. Furthermore, this submodel turns out to be not
unique for a certain value of topological charge. For example, equation (40) has only one
solution for B = 1 but for B = 4 we get two solutions. The graphical representation for this
9
statement is given in figure 1. In fact, this feature arises from many different ways we can
assign integer value on n1 and n2 resulting in a same value of B, so we can only get single
solution if B is a prime number.
FIG. 1. Numerical Calculation for (44) with (−) sign and topological charge B = 1, and B = 4
The function γ(n1, n2) is plotted below in Figure 2 with red dots shows configuration
which gives a prime topological charge B. The curve with different colors shows a contour
of several value of B to give a better demonstration on how different configuration of n1 and
n2 could lead to different γ(n1, n2) but gives the same B.
FIG. 2. Plot for values of γ(n1n2). The red dots shows configurations which gives prime topological
charge and the blue dots is for other configurations
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B. Submodel with λ1 = λ2 = λ3 = 0
The octic submodel shows different features than the previous one. Solutions of the
Bogomolny’s equation (43) depend on ratio of the coupling constants, λ0
λ4
, and also on the
non-zero potential. A more general form of this model is discussed later on section IV for a
non-spherically symmetric case.
Another difference between the two model is submodel with octic and potential term is
unique up to the same value of topological charge B To find the solution of (43), we take
n1n2 = B to simplify the equation, and a potential of the form V (ξ) = (1− cos ξ)q with
q ∈ R+
sin3
(
ξ
2
)
cos3
(
ξ
2
)
ξ′ = ±
√
22(q−3)λ0
λ4
r3 sinq
(
ξ
2
)
B
(50)
This case is suitable because this form of potential goes to zero asymptotically which is
a vacuum value of the field ξ. We can see that vacuum solution ξ = 0 is also a solution
for differential equation (50), so we should always add this vacuum solution especially for
compacton type solutions to cover all the domain. The total energy for this submodel related
to this choice of potential is given by
E = 128pi2
√
2λ0λ4
B
(q + 4)(q + 6)
(51)
Interestingly, the energy of this submodel has the same feature with energy of BPS-Skyrme
model in four dimension [26], that the energy for both these system is linear to topological
charge B.
To solve equation (50) we can introduce new quantities, that is, z =
(
22(q−6)λ0
λ4
) 1
2
r4 and
u = ξ
2
which gives
du
dz
= ± sin
q−3 u
B cos3 u
(52)
Next, we impose the condition ξ (0) = pi and solve equation (52) to get
sin4−q u
4− q −
sin6−q u
6− q = ±
z
B
+
2
(4− q) (6− q) (53)
We can see that equation (53) is only valid for q 6= 4 and q 6= 6 but the solution for q = 4
or q = 6 can be solved from equation (52). The cut-off value for z = zcut−off which defined
to a value satisfying ξ(zcut−off ) = 0 can be found by using equation (53) which gives
zcut−off =

2B
(4−q)(6−q) 0 < q < 4
∞ q ≥ 4
(54)
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We can conclude that q ∈ (0, 4) give compacton solutions, and q ≥ 4 give everywhere regular
solutions.
Let us now consider a special case with potential of the form V (ξ) = (1− cos ξ)4. Solution
of this case canot be found by using equation (53) so we have to solve it separately. The
differential equation to be solved after simplification is
du
dz
= ± sinu
B cos3 u
(55)
The right hand side of equation (55) at z →∞ is zero. This allows ξ(r) to converge at this
limit, then satisfies the boundary condition. Solving this equation (55) and imposing the
boundary condition ξ (0) = pi gives
ln(sinu)− 1
2
sin2 u+
1
2
= ± z
B
(56)
The appropriate choice for the sign on equation (56) is − because right hand side of equation
(56) goes to −∞ as u approach zero. Unfortunately, equation (56) is a transcendental
equation for ξ(z), so we have to use numerical calculation to find the profile of solution.
Another possible case which gives an everywhere regular solution is the case with potential
V (ξ) = (1− cos ξ)6 which gives a simplified Bogomolny equation for this case
du
dz
= ± sin
3 u
B cos3 u
(57)
This equation has the same convergence feature as equation (55) with higher convergence
rate as z → ∞. Integration on (57) gives the solution we need. By imposing boundary
condition ξ (0) = pi we get
− ln(sinu)− 1
2 sin2 u
+
1
2
= ± z
B
(58)
It is easy to observe that equation (58) is also transcendental in ξ(z) so we need to use
numerical calculation to find the profile. All the numerical calculations is given in Figure 3.
We can see that an everywhere regular solutions start to emerge for q ≥ 4.
IV. BPS-SKYRME SUBMODELS FOR NON-SPHERICAL SYMMETRIC LA-
GRANGIAN
In this section, we apply the method in [24] where the BPS Lagrangian has the form
LBPS =
1
r3 sin θ cos θ
(
Q0 +
4∑
i=1
QiXi +
3∑
i=1
4∑
j=i+1
QijXiXj
)
, (59)
12
FIG. 3. Numerical Calculations for Equation (52) for every integral value of q from 0 to 8
where Xi are functions of derivatives of ξ(r), f(θ), g1(ϕ1) and g2(ϕ2) to obtain a set of
Bogomolny’s equations.
A. Submodel with one derivative term
The sub-model discussed here is by taking λ1 = λ2 = λ3 = 0 such that the Lagrangian
(12) simply becomes
Leff = L0 + L4 = λ0V (φ) + λ4
[
1
r6 sin2 θ cos2 θ
f 2
(1 + f 2)4
sin6 ξ (ξ′ f ′ g′1 g
′
2)
2
]
. (60)
By introducing LBPS, namely,
LBPS =
QX
r3 sin θ cos θ
X , (61)
with X = ξ′f ′g′1g
′
2 such that we have Leff − LBPS = 0. This condition leads to a quadratic
equation of the form(
λ4
r6 sin2 θ cos2 θ
f 2
(1 + f 2)4
sin6 ξ (r)
)
X2 −
(
QX
r3 sin θ cos θ
)
X + λ0V (φ) = 0 , (62)
which gives
X =
(
QX (1 + f
2)
4
r3 sin θ cos θ
2λ4f 2 sin
6 ξ (r)
)(
1±
√
1− 4
(
λ4
Q2X
f 2
(1 + f 2)4
sin6 ξ (r)
)
λ0V
)
. (63)
The two solutions of X coincide if
4
(
λ4
Q2X
f 2
(1 + f 2)4
sin6 ξ (r)
)
λ0V = 1 , (64)
13
so we obtain
QX = ±2
(
f
(1 + f 2)2
sin3 ξ (r)
)√
λ0λ4V . (65)
Inserting the above results to (59), LBPS has the form
LBPS =
2
(
f
(1+f2)2
sin3 ξ (r)
)√
λ0λ4V
r3 sin θ cos θ
ξ
′
(r) f
′
(θ) g
′
1 (ϕ1) g
′
2 (ϕ2) , (66)
which then results its Bogomolny equation
ξ
′
f
′
g
′
1g
′
2 = ±
√
λ0
λ4
(1 + f 2)
2
r3 sin θ cos θ
f sin3 ξ (r)
√
V . (67)
To solve this equation, we need to specify the form of g1 (ϕ1) and g2 (ϕ2). Fortunately, the
equation of motions of g1 (ϕ1) and g2 (ϕ2) ensure that g1 (ϕ1) and g2 (ϕ2) has to be linear
g1 (ϕ1) = n1 ϕ1 , g2 (ϕ2) = n2 ϕ2 . (68)
The boundary conditions which must be satisfied by these field is that φ must be unique for
ϕ1,2 → ϕ1,2 + 2pin and it can only be done if n1, n2 ∈ Z is satisfied n1, n2 are integer and
related to topological charge of this model. Equation (67) can then be simplified into
ξ
′
f
′
n1n2 = ±
√
λ0
λ4
(1 + f 2)
2
r3 sin θ cos θ
f sin3 ξ
√
V . (69)
The energy related to (69) depends on the form of the potential V . Let us consider the
minimum energy density T00(on BPS Limit)
ε =
√
λ0λ4V
2f sin3 ξ
(1 + f 2)2 r3 sin θ cos θ
ξ′f ′g′1g
′
2 (70)
such that the minimum total energy of the system depends has the form
E =
∫
allspace
√
λ0λ4V
2f sin3 ξ
(1 + f 2)2
ξ′f ′g′1g
′
2d
4x
= 2
√
λ0λ4
∫
targetspace
√
V
f sin3 ξ
(1 + f 2)2
dξdfdg1dg2
=
16pi2
√
λ0λ4B
3
〈√
V
〉
S4
(71)
All other component of energy momentum tensor vanish on the BPS limit. This formula for
total energy is in agreement with the one we found on particular case spherically symmetric
model stated in equation (51).
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For the sake of simplicity, we only demonstrate two cases of potential with different
symmetries to show how it might affect the solution and explicit formula for topological
charge B. Firstly, if we choose the potential to be V = V (ξ), we simply get
f f
′
(1 + f 2)2 sin θ cos θ
= ±
√
λ0
λ4
r3
√
V (ξ)
ξ′ sin3 ξ n1n2
, (72)
both sides of the equation above are functions of different variables so the first thing we can
conclude is
f f
′
(1 + f 2)2 sin θ cos θ
= k , (73)
with k is a real constant. Imposing the boundary condition f (0) = 0 gives
f = ±
√
k sin2 θ
1− k sin2 θ . (74)
This solution has topological charge satisfying B = kn1n2 so it is necessary that k ∈ Q to
make sure that B ∈ Z. We can observe that these two conditions must be satisfied, namely
k ∈ (0, 1] and B < n1n2 because f must satisfy its boundary condition on θ = pi2 that is
f
(
pi
2
)
=
√
B
n2n2−B . The righthand side of equation (72) is the differential equation for ξ,
namely
ξ′ = ±
√
λ0
λ4
r3
kn1n2 sin
3 ξ
√
V . (75)
When we substitute B = kn1n2 we recover the equation (43). This is indeed the expected
result because taking V = V (ξ) means imposing the spherical symmetry on the potential
term.
There exists another form of potentials which is not spherically symmetric. The simplest
form is a product V = VξVf ≡ Vξ(ξ)Vf (f). With this choice of potential, equation (69)
becomes
f f
′
(1 + f 2)2 sin θ cos θ
√
Vf
= ±
√
λ0
λ4
r3
√
Vξ
ξ′ sin3 ξ n1n2
. (76)
Now, let us discuss an example whose form is quadratic, namely, V = (φ1)2 + (φ2)2. This
potential admits global minima at the origin (on φ1 = φ2 = 0). Inserting the ansatz (11) to
this quadratic potential gives √
Vξ = sin ξ ,√
Vf =
f√
1 + f 2
. (77)
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The differential equation for f has the form
f
′
(1 + f 2)
3
2 sin θ cos θ
= k , (78)
whose solution is given by
f =
k sin2 θ√
4− k2 sin4 θ
, (79)
with topological charge B = k
2n1n2
4
and k ∈ (0, 2]. The differential equation for ξ is
sin3 ξ ξ′ = ±
√
λ0
λ4
kr3
4B
sin ξ . (80)
Solving equation (80) give a compacton solution
ξ − sin(2ξ)
2
= ±
√
λ0
λ4
kr4
8B
+ pi . (81)
The energy of this submodel with potential (77) is given by
E =
pi3
2
√
λ0λ4Bk (82)
B. Submodel with four derivative terms
In this section, a model with four derivative term will be discussed which could be the
case either with sextic term and potential term ( λ1 = λ2 = λ4 = 0 ) or with quadratic term
and potential term ( λ2 = λ3 = λ4 = 0 ). We can simplify these problems to a four variables
quadratic equation of the form
a1X
2
1 + a2X
2
2 + a3X
2
3 + a4X
2
4 − 2b1X1 − 2b2X2 − 2b3X3 − 2b4X4
−2b12X1X2 − 2b13X1X3 − 2b14X1X4 − 2b23X2X3 − 2b24X2X4 − 2b34X3X4+ C = 0 .
(83)
Equation (83) together with some constraint equations obtained from variation on BPS
Lagrangian are sufficient to find the Bogomolny equation for these cases. The quadratic
equation (83) must have a single solution for each X1 , X2 , X3 and X4.
The Lagrangian of the sextic term with potential turned on submodel can be obtained
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by taking λ1 = λ2 = λ4 = 0 such that the effective Lagrangian (12) becomes
Leff = L0 + L3
= λ0V (φ) + λ3
[
1
r4 sin2 θ
f 2
(1 + f 2)3
sin4 ξ (ξ′f ′g′1)
2
+
1
r4 cos2 θ
1
(1 + f 2)3
sin4 ξ (ξ′f ′g′2)
2
+
1
r6 sin2 θ cos2 θ
f 2
(1 + f 2)4
sin6 ξ (f ′g′1g
′
2)
2
+
1
r4 sin2 θ cos2 θ
f 2
(1 + f 2)2
sin4 ξ (ξ′g′1g
′
2)
2
]
. (84)
A suitable form of BPS lagrangian is given by (59) with X1 = ξ
′g′1g
′
2 , X2 = f
′g′1g
′
2 ,
X3 = ξ
′f ′g′2 , and X4 = ξ
′f ′g′1. Imposing the BPS limit Leff − LBPS = 0, it leads to
the quadratic equation (83). Solving this quadratic equation subsequently and taking all
solutions of every Xi’s to be the same, then we get an algebraic equation which in this case
it depends explicitly on the coordinates, namely θ and r. This leads to
Q214Q
2
23 − 2Q14 (Q13Q24 +Q12Q34)Q23 + (Q13Q24 −Q12Q34)2 = 0 , (85)
2Q12
(
f 2Q13Q23 cos
2(θ) +Q14Q24 sin
2(θ)
)
+ 2
(
f 2 + 1
)
f 2Q23Q24Q34 = 0 , (86)
Q212 + (1 + f
2)(f 2
Q223
sin2 θ
+
Q224
cos2 θ
) = 0 , (87)
4Q1
(
f 2Q3Q13 cos
2(θ) +Q4Q14 sin
2(θ)
)− 2Q0 (f 2 ((f 2 + 1)Q234 +Q213 cos2(θ))
+Q214 sin
2(θ)
)
+ 4
(
f 2 + 1
)
f 2Q3Q4Q34 = 0 , (88)
Q21 + (1 + f
2)(f 2
Q23
sin2 θ
+
Q24
cos2 θ
) = 0 , (89)
Q0 = 0 , (90)
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4 csc2(2θ)Q22Q
2
34f
12 + 8 csc2(2θ)Q0Q23Q24Q34f
12 + csc2(θ)Q22Q
2
13f
10
+ csc2(θ)Q21Q
2
23f
10 + 20 csc2(2θ)Q22Q
2
34f
10 − 2 csc2(θ)Q1Q2Q13Q23f 10
+2 csc2(θ)Q0Q12Q13Q23f
10 + 40 csc2(2θ)Q0Q23Q24Q34f
10
+4 csc2(θ)Q22Q
2
13f
8 + sec2(θ)Q22Q
2
14f
8 + 4 csc2(θ)Q21Q
2
23f
8
+ sec2(θ)Q21Q
2
24f
8 + 40 csc2(2θ)Q22Q
2
34f
8 − 8 csc2(θ)Q1Q2Q13Q23f 8
+8 csc2(θ)Q0Q12Q13Q23f
8 − 2 sec2(θ)Q1Q2Q14Q24f 8
+2 sec2(θ)Q0Q12Q14Q24f
8 + 80 csc2(2θ)Q0Q23Q24Q34f
8 + 6 csc2(θ)Q22Q
2
13f
6
+4 sec2(θ)Q22Q
2
14f
6 + 6 csc2(θ)Q21Q
2
23f
6 + 4 sec2(θ)Q21Q
2
24f
6
+40 csc2(2θ)Q22Q
2
34f
6 − 12 csc2(θ)Q1Q2Q13Q23f 6
+12 csc2(θ)Q0Q12Q13Q23f
6 − 8 sec2(θ)Q1Q2Q14Q24f 6
+8 sec2(θ)Q0Q12Q14Q24f
6 + 80 csc2(2θ)Q0Q23Q24Q34f
6
+4 csc2(θ)Q22Q
2
13f
4 + 6 sec2(θ)Q22Q
2
14f
4 + 4 csc2(θ)Q21Q
2
23f
4
+6 sec2(θ)Q21Q
2
24f
4 + 20 csc2(2θ)Q22Q
2
34f
4 − 8 csc2(θ)Q1Q2Q13Q23f 4
+8 csc2(θ)Q0Q12Q13Q23f
4 − 12 sec2(θ)Q1Q2Q14Q24f 4
+12 sec2(θ)Q0Q12Q14Q24f
4 + 40 csc2(2θ)Q0Q23Q24Q34f
4 + csc2(θ)Q22Q
2
13f
2
+4 sec2(θ)Q22Q
2
14f
2 + csc2(θ)Q21Q
2
23f
2 + 4 sec2(θ)Q21Q
2
24f
2
+4 csc2(2θ)Q22Q
2
34f
2 − 2 csc2(θ)Q1Q2Q13Q23f 2 + 2 csc2(θ)Q0Q12Q13Q23f 2
−8 sec2(θ)Q1Q2Q14Q24f 2 + 8 sec2(θ)Q0Q12Q14Q24f 2
+
(
f 2 + 1
)4
csc2(θ)Q23
(
Q212 +
(
f 2 + 1
)
sec2(θ)Q224
)
f 2
+8 csc2(2θ)Q0Q23Q24Q34f
2 − 2 (f 2 + 1)4 csc2(θ)Q3((
f 2 + 1
)
Q24 (Q4Q23 +Q2Q34) sec
2(θ) +Q12 (Q2Q13 +Q1Q23)
)
f 2 − V sin6(ξ) ( (csc2(θ)Q213 + 4 (f 2 + 1) csc2(2θ)Q234) f 2
+ sec2(θ)Q214 )λ0λ3f
2 + sec2(θ)Q22Q
2
14 + sec
2(θ)Q21Q
2
24
+
(
f 2 + 1
)4
Q24
(
sec2(θ)Q212 + 4f
2
(
f 2 + 1
)
csc2(2θ)Q223
)
−2 sec2(θ)Q1Q2Q14Q24 + 2 sec2(θ)Q0Q12Q14Q24
+2
(
f 2 + 1
)4
Q4
(−4f 2 (f 2 + 1)Q2Q23Q34 csc2(2θ)− sec2(θ)Q12 (Q2Q14 +Q1Q24)) = 0 ,
(91)
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−Q0Q214Q223f 8 −Q0Q213Q224f 8 + 2Q1Q3Q13Q224f 8 −Q0Q212Q234f 8
+2Q23Q12Q14Q24f
8 − 2Q1Q3Q14Q23Q24f 8 + 2Q0Q13Q14Q23Q24f 8
+2Q0Q12Q14Q23Q34f
8 − 2Q1Q3Q12Q24Q34f 8 + 2Q0Q12Q13Q24Q34f 8
+2Q21Q23Q24Q34f
8 − 4Q0Q214Q223f 6 − 4Q0Q213Q224f 6 + 8Q1Q3Q13Q224f 6 − 4Q0Q212Q234f 6
+8Q23Q12Q14Q24f
6 − 8Q1Q3Q14Q23Q24f 6 + 8Q0Q13Q14Q23Q24f 6
+8Q0Q12Q14Q23Q34f
6 − 8Q1Q3Q12Q24Q34f 6
+8Q0Q12Q13Q24Q34f
6 + 8Q21Q23Q24Q34f
6 − 6Q0Q214Q223f 4 − 6Q0Q213Q224f 4
+12Q1Q3Q13Q
2
24f
4 − 6Q0Q212Q234f 4 + 12Q23Q12Q14Q24f 4 − 12Q1Q3Q14Q23Q24f 4
+12Q0Q13Q14Q23Q24f
4 + 12Q0Q12Q14Q23Q34f
4 − 12Q1Q3Q12Q24Q34f 4
+12Q0Q12Q13Q24Q34f
4 + 12Q21Q23Q24Q34f
4 − 4Q0Q214Q223f 2
−4Q0Q213Q224f 2 + 8Q1Q3Q13Q224f 2 − 4Q0Q212Q234f 2 + 8Q23Q12Q14Q24f 2
−8Q1Q3Q14Q23Q24f 2 + 8Q0Q13Q14Q23Q24f 2 + 8Q0Q12Q14Q23Q34f 2
−8Q1Q3Q12Q24Q34f 2 + 8Q0Q12Q13Q24Q34f 2 + 8Q21Q23Q24Q34f 2
−2V sin6(ξ)Q13Q14Q34λ0λ3f 2 −Q0Q214Q223 −Q0Q213Q224
+2Q1Q3Q13Q
2
24 −Q0Q212Q234 + 2
(
f 2 + 1
)4
Q24Q12Q13Q23 + 2Q
2
3Q12Q14Q24
−2Q1Q3Q14Q23Q24 + 2Q0Q13Q14Q23Q24 + 2
(
f 2 + 1
)4
Q22Q13Q14Q34
+2Q0Q12Q14Q23Q34 − 2Q1Q3Q12Q24Q34 + 2Q0Q12Q13Q24Q34
+2Q21Q23Q24Q34 + 2
(
f 2 + 1
)4
Q4 ((Q2Q13 −Q1Q23)
( Q13Q24 −Q14Q23)−Q12 (Q2Q13 +Q1Q23)Q34 +Q3Q12 ( −Q14Q23 −Q13Q24
+Q12Q34 ) ) + 2
(
f 2 + 1
)4
Q2 (Q3Q14 (Q14Q23 −Q13Q24
−Q12Q34) +Q1Q34 (−Q14Q23 −Q13Q24 +Q12Q34)) = 0 , (92)
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f 2
(
f 2 + 1
)
Q23 (2Q2Q3 −Q0Q23) csc2(θ)
+
(
f 2 + 1
)
Q24 (2Q2Q4 −Q0Q24) sec2(θ)−Q0Q212 + 2Q1Q2Q12
− (f 2 + 1)4 f 2λ23Q22 sin6(ξ) + f 16Q21Q234 + 2f 16Q0Q13Q14Q34
+8f 14Q21Q
2
34 + 16f
14Q0Q13Q14Q34 + 28f
12Q21Q
2
34 + 56f
12Q0Q13Q14Q34
+56f 10Q21Q
2
34 + 112f
10Q0Q13Q14Q34 + 70f
8Q21Q
2
34 + 140f
8Q0Q13Q14Q34
+56f 6Q21Q
2
34 + 112f
6Q0Q13Q14Q34 + 28f
4Q21Q
2
34 + 56f
4Q0Q13Q14Q34
+8f 2Q21Q
2
34 + 16f
2Q0Q13Q14Q34 +
(
f 2 + 1
)8
Q24Q
2
13 +
(
f 2 + 1
)8
Q23Q
2
14
−2 (f 2 + 1)8Q1Q3Q14Q34 − 2 (f 2 + 1)8Q4Q13 (Q3Q14 +Q1Q34)
+f 4λ0λ
3
3V sin
12(ξ) +Q21Q
2
34 + 2Q0Q13Q14Q34 = 0 . (93)
All the above equations could also be considered as polynomial in sin θ such that we take
all of its coefficient to be zero. Then, we have
Q1 = Q2 = Q3 = Q4 = Q12 = Q23 = Q24 = Q34 = Q13 = Q14 = 0 , (94)
which actually leads to vacuum solutions for all the field. So, we need to take λ3 = 0
which means this submodel cannot satisfy the BPS limit. In other words, the Bogomolny’s
equation does not exist.
Next, we consider the other submodel with effective Lagrangian
Leff = L0 + L1
= λ0V (φ) + λ1
[
(ξ′)2 +
sin2 ξ
r2
(
f ′
1 + f 2
)2
+
sin2 ξ
r2 sin2 θ
(fg′1)
2
1 + f 2
+
sin2 ξ
r2 cos2 θ
( g′2 )
2
1 + f 2
]
(95)
Again, a suitable form of BPS Lagrangian is given by (59) with X1 = ξ
′ , X2 = f ′ , X3 = g′1
and X4 = g
′
2. Imposing the BPS limit Leff − LBPS = 0 leads to quadratic equation (83)
which results
λ41λ0V f
2 sin6 ξ = 0 . (96)
For non-vacuum solution, we have to take λ0 = 0 such that the remaining equations which
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are polynomials in sin θ become
(1 + f 2)f 2Q22 + sin
2 θQ23 + f
2 cos2 θQ24 = 0 , (97)
(1 + f 2)Q2(sec
2 θQ3Q23 + f
2 csc2 θQ4Q24) +Q3Q4Q34 = 0 , (98)
sin2 θQ1Q13 + f
2((1 + f 2)Q2Q12 + cos
2 θQ4Q14) = 0 , (99)
(1 + f 2) sec2 θ(Q2Q13 −Q1Q23)2
+f 2(1 + f 2) csc2 θ(Q24Q
2
12 + (Q2Q14 −Q1Q24)2 − 2Q4Q12(Q2Q14 +Q1Q24))
−2Q3((1 + f 2) sec2 θQ12(Q2Q13 +Q1Q23) +Q14(Q4Q13 +Q1Q34))
+Q23((1 + f
2) sec2 θQ212 +Q
2
14) + (Q4Q13 −Q1Q34)2 = 0 . (100)
Taking
Q2 = Q3 = Q4 = Q23 = Q24 = Q34 = 0 (101)
we obtain that it could be either Q1 = 0 or λ1 = 0. This fact leads to a conclusion that
this submodel cannot satisfy the BPS limit which shows the non-existence of Bogomolny’s
equation.
V. CONCLUSION
We have considered some possible generic submodels of higher order five dimensional
Skyrme Model via the BPS Lagrangian method. The analysis is focused on finding the
solution of Bogomolny’s Equation and its related minimal energy (on the BPS Limit) for
every submodel. Two main cases have been considered are spherical symmetric and non-
spherical symmetric cases. For spherical symmetric case, we find that if either λ1 or λ3 is non-
zero, then BPS limit cannot be reached leading to the non existence of Bogomolny’s equation.
The only possible models are the submodel with only quartic term ( λ0 = λ1 = λ3 = λ4 = 0)
and the submodel with octic and potential terms ( λ1 = λ2 = λ3 = 0).
The submodel with only quartic term we consider is actually a generalization of the
model found in [22]. The solution of this submodel is regular and not unique for non-prime
topological charge B. The only diagonal component of the energy-momentum tensor which
vanishes, is T11 for B 6= 1, which means that we have a solution with pressure. On the other
hand, for B = 1 we have a solution without pressure. For n-multi soliton with B = n > 1,
its total energy is higher than the sum of n-single soliton state with B = 1 which shows
21
that the n-multi soliton state is repulsive. It is interesting to investigate the dynamics of
soliton scattering in this submodel because the repulsive effect implies possibility of soliton
creation in the usual collision set up, similar to the one demonstrated in [25].
The octic term with potential submodel need specify the potential form. In this work
we consider the potential form V = (1 − cos ξ)q which turns out to give both regular and
compacton solutions with total energy linearly depends on B. The compacton solution has
the cut-off radius proportional to B1/4.
For the non-spherical symmetric case, we find that the submodel with either λ1 or λ3 is
non-zero, cannot reach the BPS limit, thus Bogomolny’s equations for these submodels do
not exist. The only left possible submodel is a submodel with one derivative term which
is the submodel with octic and potential terms. This submodel gives a generalization of
the spherical symmetric one, with energy similar to the one found in [26]. The solution of
this submodel admits non-spherical symmetric feature that depends on the symmetry of the
scalar potential. The results found in this more general scheme cover the preceding spherical
symmetric case.
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